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An Improved Least Mean Kurtosis (LMK) Algorithm for
Sparse System ldentification

Jin Woo Yoo and PooGyeon Park

Abstract—This paper proposes an improved least mean
kurtosis (LMK) algorithm based on lo-norm cost for enhancing
the filter performance in a sparse system. The LMK adaptive
filtering algorithm uses a kurtosis of an estimated error signal
to improve the filter performance when the noise contamination
is serious. Due to the influence of ly-norm cost, the proposed
LMK algorithm ensures a fast convergence rate and a small
steady-state error in sparse system environment. Simulation
results verify that the proposed algorithm improves the filter
performance for sparse system identification.

Index Terms—Adaptive filter, least mean kurtosis algorithm,
sparse system identification.

I. INTRODUCTION

Adaptive filters have been widely used as a general tool for
diverse applications such as echo cancellation, noise
cancellation, and channel estimation. The least-mean-square
(LMS) algorithm and normalized least-mean-square (NLMS)
algorithm are the most well-known adaptive filtering
algorithms because of their low computational complexity
and ease of implementation [1]-[2]. Although LMS and
NLMS have practical advantages, they suffer from the
performance  degradation when the output noise
contamination occurs. Therefore, the least mean-fourth
(LMF) algorithm [3] has been proposed to overcome the
performance degradation due to the output noise
contamination, and it can actually achieve a faster
convergence rate than LMS and NLMS when the output
noise has periodic or uniformly distributed property. The
LMF uses the expectation of fourth order of an estimated
error signal. However, if the noise signal is Gaussian
distributed, the LMF has no benefit compared to LMS and
NLMS. For this reason, the least mean kurtosis (LMK)
algorithm [4]-[5] has been introduced to be noise robust in a
wide range of output noise signals such as impulsive noises,
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Uniformly distributed noises, Gaussian distributed noises.
The recent issue of LMF and LMK algorithms is related to
stability problem because they use the cost functions
including the high order of error signal. For maintaining the
stability of these algorithms, a small step size is used
compared with that of LMS, NLMS.

Regrettably, because the above-mentioned algorithms do
not reflect the sparse property of a system, the improvement
of the filter performance for sparse system identification is
possible. A sparse system is a special system whose impulse
response mainly consists of near-zero coefficients and very
few large coefficients. Although sparse systems have a
particular property, they exist in many applications such as
digital TV transmission channel estimation, network echo
cancellation or underwater channel estimation. Recently,
several algorithms have been proposed to improve the filter
performance for identifying a sparse system [6]-[7]. Among
them, applying the idea of ly-norm constraint to the LMS
algorithm has been introduced to improve the convergence
rate of a sparse system [6].

This letter proposes an improved LMK algorithm based on
the lp-norm cost for sparse system identification. We suggest
a novel cost function including the l;-norm cost to obtain an
enhanced version of LMK algorithm for a sparse system. The
proposed LMK algorithm was experimented in a sparse
system, and its performance was compared with that of
conventional LMK [4], conventional LMS [1]-[2], and
l,-norm constraint LMS [6].

Il. BACKGROUND

A. Basic Principle of Adaptive Filter
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Fig. 1. Block diagram of adaptive filter.

Basically, adaptive filter is to estimate a channel, which

means that the goal of adaptive filter finds an accurate Wi,
the estimate of the ideal filter coefficient W . In this paper,
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the proposed LMK algorithm is applied in adaptive filter part
to update the filter coefficient Wi = [W (0),..., W, (n—1)]"

recursively. U, =[U;,U, ;,..,U, ,,]" that is an input data

goes to adaptive filter and unknown system at the same time.
Adaptive filter and unknown system bears the output signals

d,,y;, and the measurement noise is added at Y, . The
desired system output signal is the sum of Y, and V, .The
difference between d; and d, is the error signal, which is a
feedback factor of adaptive filter. In other words, the filter

coefficient W; is updated recursively by using the error
signal.

B. Sparse System
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Fig. 2. Two types of sparse system, (a): general sparse system; (b): clustering
sparse system.

The impulse response of a sparse system has many
near-zero coefficients and very few large coefficients. There
are two types of sparse systems, general sparse system and
clustering sparse system. As you can see in fig. 2 (a) and (b),
unlike general sparse system, clustering sparse system has a
gathering of large filter coefficient. In this paper, our target
system is general sparse system for identifying the system
coefficient.

I1l. IMPROVED LEAST MEAN KURTOSIS ALGORITHM

A. Conventional Least Mean Kurtosis Algorithm

The cost function of convention LMK algorithm is as

follow [4] :
‘JLMK (') :3E2(ei2)_E(ei4) D

Through the gradient method, the update equation filter

941

coefficient can be derived as

Wig =W, +V{J e (D)}

Wiy =W; + /14(30},2 CRLY )
where £ is the step size, and O'ei2 =E(e%).

Since aeiz is not reachable value, a smoothing factor is

used for estimating E(g,%) as like below:

o, =ao, +¢°, O<a<l

@)

B. Proposed LMK Based on lp-Norm Cost
The proposed cost function of an improved LMK

algorithm is obtained by adding the lo-norm of Wi at the cost
function of the conventional LMK algorithm, as follow [6]:

J, () =3E*(e")-E(&") + 7w, 4)
where ||-||, denotes the lp-norm that means the number of
nonzero entries, and y is a parameter to adjust the influence

of lo-norm cost.
Through the gradient method, the proposed update
equation filter coefficient can be derived as

Wiy =W; + V{J P 0);

Wi =W, +,U[4(30ei2 _eiz)eiui —yF(wi)] ®)
where f(V/\\/i) Z[F (W (0)),..., F (A (N=D)]" , i is the
step size, and o, * = E(&°).

Like the conventional LMK algorithm, because aeiz is
not obtainable value, a smoothing factor is used for
estimating E (€,°) as like below:

0_2

e

ac? +e°, O<a<l

(6)

C. The description of function f(w;)
A widely known approximation of l,-norm is as follow:

n-1

Wi [y~ 2(1_e—ﬂlv%<k>|)

k=0

()

where the parameter /3 is a positive integer to determine the

range of zero-attraction.
The derivative of (7) with respect to the filter coefficient
vector can be expressed component-wisely as
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~ oy Olwlg
f(wi(k))=—=
(wi (k)) oo (k)
= Bsgn(wi(k))e ™™™ vo<k<n.
@)

For decreasing the computational complexity of (8), the
first order Taylor series expansion of the exponential
function (9) is adopted by

1
1-41x|, |x=
e*ﬁ|x| ~ ﬂ 9)
0, elsewhere.
Moreover, the sign function sgn(:) is defined as
X
—, Xx#0
sgn(x) =< x| (10)
0, elsewnhere.

Substituting (9) and (10) into (8), we can present the
function f () as

1
2 , ——<x<0
PX+ 5 X <

O<x£l

ﬂzX_IB!
0,

f(x)=

(11)

elsewnhere.

TABLE I: PSEUDO-CODES OF PROPOSED ALGORITHM

Given n,pu ,a,B,vY ;

Initial w = zeros(n,1), f = zeros(n,1);

For i=1,2,...
input u, output d;
e =d-u*w;
f(1:n) =- B *max(0,1- B *abs(w(1:n))).*sign(w(1:n));
g ?=a *g e2te?
w=w+ i *(4*(3%0 «-e?)*e*u +vy *f);

End

Table | shows the pseudo-codes of the proposed LMK
algorithm.

IV. EXPERIMENTAL RESULTS

We illustrate the performance of the proposed algorithm
by performing computer experiments in channel estimation.

942

The channel of the unknown system is generated by a moving
average model with 128 taps (n=128). We assume that the
adaptive filter and the unknown channel have the same
number of taps. Moreover we set 120 near-zero filter
coefficients among 128 taps to realize a general sparse

system. We also assume that the noise variance, sz , Which
is known a priory, because it is easy to be estimated. The
input signal U; is generated by filtering a white, zero-mean,

Gaussian random sequence, which denotes the white input.
The signal-to-noise ratio (SNR) is set to 10dB which is
defined by

SNR =10log,,(E(y,°)/ E(v%)) with y, =u."w, .
The impulsive noise N, was generated as N, = K; A, where
ki is a Bernoulli process with a probability of success
Plk; =1]=Pr, and A is zero-mean Gaussian noise with

power &% = ayz. Pr was set to 0.001, and it means the

probability of occurrence of impulsive noise.
The mean square deviation (MSD) is defined as

MSD = (w, —\/A\/i)T (w, —\Tvi)/WOTW0 . The simulation

results are obtained by ensemble averaging over 100
independent trials.
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Fig. 3. MSD learning curves for white input, SNR=10 dB

{a) LMS
= = (b} LOLMS
=== {e) LK
——(d} Proposed aigorithm

000 3000 4000 5000 7000 £000

Number of iterations

Fig. 4. MSD learning curves for white input when impulsive noises occurs
with Pr=0.001.
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Fig. 3 shows the MSD learning curves of the conventional
LMS algorithm [1]-[2], the lg-norm constraint LMS
algorithm [6], the conventional LMK algorithm [4], and
proposed LMK algorithm when the system has white input
signals and low SNR. As you can see, the conventional LMK
algorithm has a small steady-state error than that of the
conventional LMS algorithm due to using high order error
signal. On the other hand, the l;-norm constraint LMS
algorithm has faster convergence rate and smaller
steady-state error than those of the conventional LMS owing
to lp-norm cost in a sparse system. Similarly, the proposed
LMK algorithm has faster convergence rate and smaller
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steady-state error than those of the convention LMK
algorithm in sparse system. Applying l,-norm concept at
LMS algorithm and LMK algorithm, we can find that the
lo-norm cost improves the filter performance in sparse system
identification.

Fig. 4 shows the MSD learning curves of the conventional
LMS algorithm, the lp-norm constraint LMS algorithm, the
conventional LMK algorithm, and proposed LMK algorithm
when the input signal is white with the impulsive noises
occurring with Pr =0.001. Despite the impulsive noises are
added at the system output signal, the proposed LMK
algorithm attains a fast convergence rate and a small
steady-state error compared to the other algorithms.

In fig. 3 and fig 4., the parameters used in simulation are as
follow:

the conventional LMS algorithm

(4 =0.002),

the lp-norm constraint LMS algorithm
(4 =0.002, S =5, k =0.000008),

the conventional LMK algorithm

(4 =0.0001, & =0.8),

the proposed LMK algorithm

(4 =0.0001, ¢ =0.8, 5 =5, ¥ =0.08).

In the last analysis, the proposed LMK algorithm has faster
convergence rate and smaller steady-state estimation error
than the conventional LMS algorithm, the lo-norm constraint
LMS algorithm, the conventional LMK algorithm when the
noise contamination is severe.

V. CONCLUSION

This paper has proposed an improved LMK algorithm for
sparse system identification. Owing to l,-norm cost, the
proposed algorithm is to accelerate the convergence of
near-zero coefficients. The experimental results showed that
the proposed LMK algorithm accomplished faster
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convergence rate, smaller steady-state estimation errors, and
lower computational complexity than the existing algorithms.

REFERENCES

S. Haykin, “Adaptive filter theory,” 4th ed. Upper Saddle River, NJ:
Prentice-Hall, 2002

A. H. Sayed, Fundamentals of Adaptive Filtering, New York: Wiley,
2003.

E. Walach and B. Widrow, “The least mean fourth (LMF) adaptive
algorithm and its family,” IEEE Trans, vol. IT-30, no. 2, pp. 275-283,
1984.

O. Tanrikulu, “Least-mean kurtosis: a novel higher-order statistics
based adaptive filtering algorithm,” Electron. Lett., vol. 30, no. 3, pp.
189-190, 1994.

H. J. Kuang and L. Y. Ping, “A Gradient-Based Variable Step-Size
Scheme for Kurtosis of Estimated Error,” IEEE Signal Process. Lett.,
vol. 17, no. 4, pp. 331-334, 2010.

J. Jin and S. Mei, “l, Norm Constraint LMS Algorithm for Sparse
System Identification,” IEEE Signal Process. Lett., vol. 16, no. 9, pp.
774-777, 2009.

J. Yoo, J. Shin, H. T. Choi, and P. Park, “Improved affine projection
sign algorithm for sparse system identification,” Electron. Lett., vol. 48,
no. 15, pp. 927-929, July 2012.

(1]
[
(31

(4]

[5]

(6]

[71

Jin Woo Yoo received his BS and MS in electrical
engineering from Pohang University of Science and
Technology (POSTECH) in 2009 and 2011,
respectively. He is currently studying toward a PhD at
POSTECH. His current research interests are image
processing and signal processing.

PooGyeon Park received his BS and MS in control
and instrumentation engineering from Seoul
National University, Korea, in 1988 and 1990,
respectively, and his PhD in electrical engineering
from Stanford University, in 1995. Since 1996, he
has been affiliated with the Division of Electrical
and Computer Engineering at Pohang University of
Science and Technology, where he is currently a
professor. His current research interests include
robust, Linear Parameter Varying (LPV), Receding Horizon Control
(RHC), intelligent, and network related control theories, signal processing,
and wireless communications for a personal area network.






