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Improved Results on Passivity Analysis of Neutral-Type
Neural Networks with Mixed Time-Varying Delays

T. Botmart, N. Yotha, K. Mukdasai, and W. Weera

Abstract—This paper is considered with problem of the
passivity analysis for neutral-type neural networks with mixed
time-varying delays. By constructing an augmented Lyapunov
-Krasovskii functionals and using the double integral inequality
with approach to estimate the derivative of the Lyapunov-
Krasovskii functionals, sufficient conditions are established to
ensure the passivity of the considered neutral-type neural
networks, in which some useful information on the neuron
activation function ignored in the existing literature is taken in
to account. Finally, a numerical example is given to
demonstrate the effectiveness of the proposed method.

Index Terms—Passivity, neutral-type neural networks, time
delay, integral inequality.

. INTRODUCTION

In the past few decades, delayed neural networks (NNs)
have been an important issue due to their applications in
many areas such as signal processing, pattern recognition,
associative memories, fixed-point, computations, parallel
computation, control theory and optimization solvers [1]-[3].
The state estimation problems for NNs with discrete interval
and distributed time-varying delays have been extensively
studied in [4]-[6]. On the other hand, it is common that the
time delay of system state, have been many phenomenon
such as automatic control, chemical reactors, distributed
networks, heat exchanges, etc. The systems containing the
information of past state derivatives are called neutral-type
neural networks (NTNNSs). The existing work on the state
estimator of NTNNs with mixed delays are only [7]-[8] at
present. In [9], the authors considered the problem of global
passivity analysis of interval neural networks with discrete
and distributed delays of neutral type. Consequently, the
passivity analysis of NTNNs has also been received
considerable attention and lots of works were reported in
recent years. The problem of passivity performance analysis
has also been extensively applied in many areas such as
signal processing, sliding mode control, and networked
control [10]-[12]. The main idea of the passivity theory is that
the passive properties of a system can keep the system
internally stable. In [13]-[17], authors investigated the
passivity of neural networks with time-varying delay, and
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gave some criteria for checking the passivity of neural
networks with time-varying delay. Passivity analysis for
neural networks of neutral type with Markovian jumping
parameters and time delay in the leakage term has been
presented in [18]. Robust exponential passive filtering for
uncertain neutral-type neural networks with time-varying
mixed delays via wirtinger-based integral inequality has been
presented in [19] is Wirtinger-based integral inequality [20].
Recently, a new double integral inequality for time-delay
system was proposed in [21], [22], which is less conservative.
These motivate our research.

Motivated by above discussing, this paper investigates the
passivity analysis for NTNNs with discrete and continuous
distributed time-varying delays. Based on the constructed
Lyapunov-Krasovskii  functional, free-weighting matrix
approach, and double integral inequality for estimating the
derivative of the LyapunovKrasovskii functional, the
delay-dependent passivity conditions are derived in terms of
LMIs, which can be easily calculated by MATLAB LMIs
control toolbox. Numerical example is provided to
demonstrate the feasibility and effectiveness of the proposed
criteria.

Notation: R" is the N -dimensional Euclidean space;

R™" denotes the set of mxn real matrices; |_represents
the N -dimensional identity matrix; A(A) denotes the set of
all eigenvalues of A ; 4 (A)=max{Rel;1e (A}
C([0,t],R") denotes the set of all R"-valued continuous
functions on [0,t]; L, ([0,t], R™) denotes the set of all the
R™-valued square integrable functions on [0, t]; The notation
X >0 (respectively, X > 0) means that X is positive
semidefinite (respectively, positive definite);

diag(...) denotes a block diagonal matrix; Matrix dimensions,

if not explicitly stated, are assumed to be compatible for
algebraic operations.

Il. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following NTNNSs with time-varying discrete
and distributed delays described by:

X(t) = -Ax(t) +Wg (x (1)) +W,g (x(t - 7(1))

+W, [ g(x(s))ds
t-k(t) (D)
+W,x(t-h(t)) +u(t),
y(t) = g(x(t)),
x(t)=f (), tel-7,,,0l
Trax = Max{z,,k,,h,},
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where x(t) =[x (t), X, (t),..., X, ()] e R" is the state of the
neural, A=diag(a,,a,,...,a,)>0 represents  the
self-feedoack term, w,w,w, and W, represents the
90)=(9,(),9:(),---,9,())’

represents the activation functions, u(t)and y(t) represents

connection weight matrices,

the input and output vectors, respectively; @(t) is an initial
condition. The variables z(t), k(t) and h(t) represents the
interval time-varying and time-varying delays with satisfy
the following conditions:
O<p<t(t)<7,, 7(t)<7,,
0<h(t)<h,, h(t)<h,,
0<k(t)<k, Vt>0,

2

where known scalars 7;,7,,7;,h,,h, and K, .
The neural activation functions g, (-),k=12,...,n,

satisfy g, (0) =0 and for S,S, €R,S, #5,,

Ik gk(sl) gk(s ) <|+
S =S,

®)

where Ik’ , Ik+ are known real scalars.
Definition 1 [13]: The system (1) is said to be passive if
there exists a scalar y such that forall t; >0,

2 j; Yy (s)u(s)ds > —y j; u" (s)u(s)ds,

and for all solutions of (1) with X(0) =0.
Lemma 2 [21]: For a positive definite matrix S >0, and

any continuously differentiable function X :[a,b] - R"
the following inequality holds:

3

J' X (s)Sx(s)ds>bLHTSH e I} STI,

5

+Engsn3,

where

1, = x(b) — X(a),
2 b
I, = x(b) +x(2) - = j x(s)ds,

3) b
M, = x(0) - X(@) + — j X(s)ds

b b
, X(s)dsdé.

Lemma 3 [22]: For a positive definite matrix S >0, and

any continuously differentiable function X :[a,b] — R"the
following inequality holds:

31

brbT v T T
[ ], X" (s)Sx(s)ds @ > 21T, ST, +4TT{STI,
+6I1; SIT,,
where
1 b
IT, = x(b) _EL X(s)ds,

m, = x(b)+éj: x(s)ds—mj:j: x(s)ds d6,

1, = x(b) —% [ x(s)as - ['[ x(s)dsde

(b a) Hj x(21)dAds dé.

Il
For presentation convenience, in the following, we denote

MAIN RESULTS

L =diag(l’,I7,...,17),

L~ =diag(l,l,,...,1.),

SO =[X"(t), X" (t—z(t)), X" (t—7), X" (t—7,),
g (x(1)), 9" (x(t—z())), 9" (x(t—17,)),
g (x(t—17,)), j: X" (s)ds, j: X" (s)ds,

J.:_, J: x' (s)dsd@, J.:_T J'; X7 (s)dsd 6,
L[ % (2)d adsdo,
o L] x (dadsds,

J! L 8" OX(Sds, X" (t-h@), u” @O
and & € R™™" is defined as

& =[Oy 1 Oneazipn] fori=12,...,17.
Theorem 1 For given scalars 7;, 7,, 75, h,, h; and K, the
system (1) with (3) is passive for any delays satisfying (2),
if positive PeR™™M,
Q, SeR™ (i=12,3), real positive diagonal matrices
u,U,,T,T,(5=1234a=123b=234,a<b),

with appropriate dimensions, and a scalar » >0 such that
the following LMIs holds:

there exist real matrices

D=+, +Q+Q,+Q +Q +Q, <0, (4)

where



with
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Q, =TI, PI1, + T} PTT, + (T, +11,)"
+1I1, +11,,

Q, = 3e1T Qe - esT Qe; - eAT Qe, + 2eg Q.8
- e;Qze7 - enges + Cngco
-(@1- Ts)eeT Qe —(1- hs)e1T6Q3e16 ,

Q= eg kz2 Si8 - elTsslelsu

Q, =Cq (7S, +17;5,)C, — 15 S, 11,
— 31§ S,I1, —5I1;S,IT, —T13S,I1,
—3I1,S,I1, —5I1},S,I1,,,

— 411, S,IT,, — 6I1;,S,TT,,,
Q, =D (] T.I,, +T1LT,IT,,)

i L e isTal oo

LD INSR st e Y

T T T
Q; =—ye,e, —€€; —€,8;,

I, =[e &5, e/, 85, e5,e,]

I1, Z[C(-Jr-eir _e;"e;' —eZ,TleI —e;,rzef _e;ro-
0.5z7¢] —e},0.577e] —el 1",

I1, :e;(Ul—UZ)CO,

I, =¢] (L'U, - L'U,)C,,

I, =e —e,,
2
I, =e +e,——e,,
31
6 12
I, = —€,+—e ——e,
31 21

I, =¢ —¢,,

2
1_[9 =€ +€, ——€,,
7

6 12
IM,=¢—-€+—¢, — 7€
2 2
1
I, =¢ ——¢,,
21
2 6
I, =¢e +—g —7 €
1 1
3 24 60
;=6 +e,——g +—€1——73 63
1 7 1
1
I, =e,——e,,
[#3
2 6
s =6 +—e, - &
P! 2
3 24 60
Hle =€ +t6, ——€,+—5€,——6€,,
2 2 2
1_Il7 = es+4 - L_es'
+
My =Le —e,,

I, = (ea+4 - eb+4) -L (ea —-& )
I, = L (ea - eb) - (ea+4 - eb+4)*
C, = Ae, +We, +We, +W.e,. +W,e, +€,;.

Q, =C] (0.5¢7S, +0.572S,)C, — 2IT,,S.I1,,
- 4HIZS3H12 - 6HI3S3H13 - 2HI4S3H14

Q)

Proof: Consider a Lyapunov-Krasovskii functionai
candidate:

Vx(O) = 3V, (x0) ©

where
V) =" OPnO+2). 2, ], [0,(9) - I;slds

. X(®)
+2Y o[, [s—g(s)lds,
k=1

Vo) =3 [ X (5)QuX(s)
+9" (x(s))Q,9(x(s))1ds
+ ;m X" (s)Qx(s)ds
] X (OQX(E)s,

Vo) =k [}, [, 97 (x(s)S,0(x(s))ds d,

V,(x) =Yz t Lf %" (5)S,%(s)ds d,

2
i
i=1

V@) =3[ [ [X (DS0058, where

-1, 4 o 96
[ ¥ (odsdo, [ ['x (s)dsdo,
[" [ ]'x"(1ydadsdo,

) ‘ j; j‘ X" (1)d Adsd 6T,

U, =diag{o,, 0,,-.-, 0,120, and
U, =diag{o,,0,,...,0,}>0 are to be determined,

The time derivative of V (X(t)) can be computed as
follows:

V() = 2" (OP(0)+ 2> Lo XOT9, (x©)

~ I xO]+ o X x(t) - 9, (X(1))]
<" (D)Qe(D),
V, (x(1)) < 3xT ())Qux(t) + X" (1)Qux(t)
—x'(t- 7,)QXx(t—17,)
— X' (t—7,)QX(t—17,)
+29" (x(1))Q,9(x(1))
-g" (X(t-7,))Q,9(x(t-7,))
- 9" (X(t—7,))Q9(x(t—7,))
—(1-7)X (t—7(®)Qx(t —7(t))
— (L= hy)X" (t—h(0))QuX(t - h(t))
=T (D)Q,6(1),

32
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V, (x(1)) = kZg" (x(1))S,9 (x(1))
—ky,, 0T (X(s)S,g(x(s))ds
< kg™ (x(1)S,9(x(1))
L RCONCONE
<kg" (x(1)S,9(x(1))
— [ 9T OXENESS, [ g(x(s))ds
=¢" (s (V)
V, (x(1)) = X" (t)(z2S, + 72S,)X(t)
1|, t %" (5)S,%(s) ds

<" (DQus (1),
Vi (X(1) = 0.5%" (£)(77S, +7,S,) (1)

_ﬁ Igt X" (3)S,%(s) dsd@

-, t Lf K" (5)S,X(s) dsd@

<gT (s (1),
where Q,,(1=1,2,3,4,5) is defined in (5).

From (3), the nonlinear function g, (X, ) satisfies

gk (Xk)

Xk
Thus, forany t, >0, (k=1,2,...,n), we have
2t,[9¢ (X(@)) =1 XA X(6) — g, (x())] >0,
which
2[g" (x(@) - X" (O)L T TIL"x(0) — g (x(9))] =0,
where T =diag{t,,t,,...,t }.

Let @ be t, t—7(t), t—7,and t—7,, replace T with
T.(s=1,2,3,4), then, we have (S=1,2,3,4)

I, < <I, k=12,...,n, x #0.

2c T (t)HLTSHng(t) > 0, O
Another observation from (3), we have
I < 9 (X(0)) ~ 9, (x(8,)) _ I k=12,...,n. Thus, for any
x(6) —x(6,)
t >0, (k=12,...,n), and A =g, (x(6)) -9, (x(&)),
we have
2t [A =1 (x(6) = x(@]II, (x(6,) —x(6,)) —A] =0,

which

2[A =L (x(6) - X))
xT[L"(x(8,) - x(6,)) - A] >0,

33

where A =COKA,, A,,..., A}

Let 6, and 6, take values in t,t—7(t),t—7, and
t—7,, and replace T with
T,(@=123,b=23,4, b>a), then, we have

26 ' (t)Hngabnzog t) =0, ©)
where a=1,2,3,b=2,3,4, b>a.

From (7) and (8), it can be shown that

¢" (s (1) >0, ©)

where €2, is defined in (5).
Therefore, we conclude that

V (x(t)) —pu’ (u(t) -2y (t)u(t)
<3V (x(B) +©Q —pu" ©u(t) -2y (u(t)
=¢'(t) D] ¢t), 0

where L is defined in (4). If we have L < 0, then

V (x(t)) - yuT (®)u(t) -2y (u(t) <0, (12)

for any ¢(t) #0. Since V(X(0)) =0 under zero initial

condition, let X(t)=0 for t €[z, ,0], after integrating

max !
(11) with respect to t over the time period from 0 to t, we

get
2]: y' (s)u(s)ds
2 V(X(tf))—V(X(O))—Vf: u' (s)u(s)ds
> —yﬁf u' (s)u(s)ds.
Thus, the NTNNs (1) with (3) is passive in the sense of

Definition 1. This completes the proof.

IV. NUMERICAL EXAMPLE

In this section, we present example to illustrate the
effectiveness and the reduced conservatism of our result.
Consider the NTNNs (1) with the following parameters:

|84 0 W= 021 -0.19
1o 9 1 —024 01
~0.09 -0.2 052 0
Wl= ,W2= ]

02 0.1 02 -0.09

05 0
W, .
0 -05
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The activation functions are assumed to be
g, (% (1) =0.5( x +1[—[x —1[),i=1,2.

Itis easy to see:

L

|0 0
100
For 0.2<7(t)<3, h(t)<05, k(t)<2, h,=0.5

7, =0.5 and y =0.34 by using MATLAB LMIs control
toolbox and by solving the LMIs in Theorem 1, in our paper

we obtain the feasible solutions:

J,Uz

b 5

-0.0038 -0.0013
-0.0067 -0.0088
0.0128 0.0084
0.0084 0.0429
-0.0016 -0.0017
-0.0015 -0.0056
0.0098 0.0892

-0.0022 -0.0013
-0.0011 -0.0050
0.0174 0.0289

0.0000 -0.0002

0.0000
0.0000
-0.0022
-0.0013
0.0002
0.0003
-0.0009
-0.0004
0.0006
0.0004
0.0001
0.0002
0.0000
0.0000

0.0000
0.0000
0.0000
-0.0002
0.0000
0.0000
0.0000
-0.0001
0.0000
0.0000
0.0000
0.0000
0.0000

1.0087  0.1196
0.1196  0.7258
-0.0038  -0.0067
-0.0013  -0.0088
0.0000  0.0000
0.0000  0.0000
p_| 00286  -0.0289
-0.0035  -0.0472 -0.0263 0.0502
0.0000  0.0000
0.0000  0.0000
-0.0060  0.0007
0.0030 0.0050 -0.0033 0.0096
0.0000 0.0000 -0.0001 0.0000
| 0.0000 0.0000
0.0000 0.0000 -0.0286 -0.0035
0.0000 0.0000 -0.0289 -0.0472
0.0016  -0.0015 0.0098 -0.0263
-0.0017  -0.0056 0.0892 0.0502
0.0012 0.0011 0.0007 0.0001
0.0011 0.0040 0.0000 0.0007
0.0007 0.0000 1.4958 0.7472
0.0001 0.0007 0.7472 3.0171
0.0002 0.0003 -0.0009 -0.0004
0.0003 0.0010 -0.0003 -0.0020
0.0005 0.0001 -0.0140 -0.0364
0.0002 0.0006 -0.1875 -0.3777
0.0000 0.0000 -0.0001  0.0000
0.0000 0.0000 0.0000 -0.0001
0.0000  -0.0060 0.0030 0.0000
0.0000  0.0007 0.0050 0.0000
-0.0011 0.0174 -0.0033 -0.0001
-0.0050 0.0289 0.0096 0.0000
0.0003 0.0005 0.0002 0.0000
0.0010 0.0001 0.0006 0.0000
-0.0003  -0.0140 -0.1875 -0.0001
-0.0020  -0.0364 -0.3777 0.0000
0.0004  0.0001 0.0002 0.0000
0.0014 0.0002 0.0004 0.0000
0.0002 5.1380 0.2050 0.0000
0.0004 0.2050 5.7050 0.0000
0.0000 0.0000 0.0000 0.0000
0.0000  0.0000 0.0000 0.0000

0.0000 |

34

0.3599 0.7875 0.0023 0.0093
{0.3563 0.0107 } B {2.2291 0.0099 }
1M1 T 1

_[0.2383 O.3599J _L0.0019 0.0023 J
1 1 2 = 1

Q= 0.0107 0.2513 0.0099 0.2674
. |2.6041 1.1983
S,=10"x ,
1.1983 5.4488
o | 54115 -0.0914
S, =10"x ,
-0.0914 5.2782

20621 0 39452 0
1{ 0 1.5664J' 27| 0 32423
;_[B2649 0 } [00792 0 ]
1o 16.9973" 2 | 0  0.1857]
; _[00s62 0 } _[00025 0 ]
|l o 01528 * | 0  0.0141)
; _[12748 0 } [1.2244 0 }
| 0o 13177) °* | 0 13813
[1.2681 0 } {1.3421 0 }
T, = ' Tg= '
| 0 12956 0 1.2576
; _[12748 0 } :[1.0461 0 }
1 o w3177 0 1.0442]

V. CONCLUSION

In this paper, the passivity analysis for NTNNs with

discrete and distributed time-varying delays has been studied.
By employing the LKFs method, double integral inequality
was developed to guarantee the passivity performance of
NTNNs. A new passivity analysis criterion has been given in
terms of LMIs, which is dependent on time-varying delays.
Finally, a numerical example has been presented which
illustrate the effectiveness and usefulness of the proposed
method.
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