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Phase Transitions in Communication Networks with
Limited Elements of Valence

I. E. Suleimenov, G. A. Mun, S. V. Panchenko, Z. Tasbulatova, and A. Nurtazin

Abstract—It is shown that the communication networks with
low-valence elements are able to undergo phase transitions. In
the result of them the number of elements having the maximum
number of bonds increases discontinuously. Such a phase
transition can also be interpreted as a discontinuous transition
from set of isolated elements to a branched network.

Index Terms—Complex networks, innovation environment,
network education, peer education.

I. INTRODUCTION

The results, summarized in recent papers [1]-[3], allow to
assert at present time that the studying of the evolution of
bonds distribution between the elements of the complex
system without specification of its nature, acquires scientific
significance. In the cited studies have shown that the models
constructed on the basis of consideration of the graphs
formed by elements with a variable number of bonds between
them, are used to solve problems in physics, physical
chemistry, biology, ecology and social sciences.

In the cited studies, as well as [4], [5] have shown that the
assumption of an increase in the number of bonds per single
element leads to effects which are treated as a phase
transition that allows us to interpret the qualitative
transformation of complex systems, i.e. to reveal the
mechanisms of evolution. Simplifying somewhat, we can say
that any system, the number of bonds between the elements
of which may change over time, for example, under the
influence of external factors, it is able to move abruptly from
one state to another.

In research works on studying of complex systems, in
particular [6], [7], as a rule, are considered elements capable
of forming unlimited number of connections. This approach
largely emerged for historical reasons, as this type of the
system is successfully applied to the quantitative description
of interpersonal communication in the Internet [8], the spread
of epidemics [9], etc.

At the same time, we are interested in the phase transitions
in systems which valence of elements remains limited. An
example of this is the formation of hydrophilic interpolymer
associates (HIA, [10], [11]). This little-studied class of
interpolymer reaction product is a network which exists in

Manuscript received November 25, 2016; revised March 21, 2017.

I. E. Suleimenov, S. V. Panchenko and Z. Tasbulatova are with the
Almaty University of Power Engineering and Telecommunications,
Baitursynova 126, 050013 Almaty, Kazakhstan.

G. A. Mun is with the Kazakh National University, Al-Farabi 71, 050040
Almaty, Kazakhstan.

A. Nurtazin is with the Narxoz University, Zhandosov 55, 050035 Almaty,
Kazakhstan (e-mail: anuar_nurtazin@mail.ru).

doi: 10.18178/ijiee.2017.7.3.672

the dynamic mode, the bonds between the elements of which
they are destroyed and formed again, being in dynamic
equilibrium. Presumably, products as the HIA are essential
for the implementation of the evolutionary mechanisms that
preceded the biological evolution.

In this paper, it is shown that phase transitions can occur in
the systems that can be represented by the graphs, the vertices
of which form a small number of bonds.

Il. MODEL

The used model is a modification proposed in [4], [5]. It is
assumed that each element of the system can form L bonds
with other elements, i.e. L is a valence of the element. The
probability of bond formation is proportionally to the number
of free valences. It is assumed that the break of the bond can
occur spontaneously, which is characterized by frequency of
break.

We will use the L-level model, which considers the
formation of new bonds between nodes as the transition of a
lower level to a higher level (Fig. 1) for the analytical
description of such processes.
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Fig. 1. L-level scheme of transitions.

Formally, this process can be represented by equation
similar to the chemical reaction:

[i]+[j]—>[i+1]+[j+1] €))

where [I] is the designation of a node with i bonds (node

having valence equal to i)

It is proposed that the capacity of the node to form new
bonds depends on the number of bonds already formed. In
particular, there may be a limit for the number of bonds for
this system - the valence of the separate node.

In the simplest (for analytical description) case, this
assumption leads to the following expression for the rate of
the process (1)
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where the coefficients @' characterize the ability of an
individual node to come into the further cooperation, N'is
the number of i-elements (elements having i bonds), W, is
the common denominate multiplier (the characteristic
frequency of bonds formation), W is frequency of reaction
(1). Due to the nature of equation (2) we can consider that
a’ =1.

Equation (2) means that the bond may occur between two
nodes capable of forming them in accordance with (1).

Then, increase the number of bonds between nodes can be

characterized by equations, describing the transitions
between levels in the L-level system. We have
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where 1 is the frequency of spontaneous breaking bond.
In the equations (4) and (5) it is possible to pick out a
common multiplier, converting them to a form
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dN,

dt =0
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By the direct summing equations (6) and (7) we can easily
show that it must be fulfilled the condition of keeping the
total number of elements in the system

YN, =C
0

At equilibrium case, these equations are obviously acquire
the form

(8)

—NOWOaOLZaJNjJ+V1N1=O ©)
j=0
~W, IN; ("N, —a"*N

OLJ_Z_;,“ jJ(a k& k—l) (10)

VN +v Ny =0

114

Let
W
G=—2 (11)
Vi

[z

Then these equations can be rewritten by the control
parameter as a

N, =GN, (12)
~G(a*N, —a*'N,, )- 4N, -
+ ﬂ“k+1N k1 — O
where we use the following substitution
Ao =25 k=23,.K (14)

Vi
®)
Obviously, in this case, the occupancy of each level in the
system is described by following recurrent ratios

1

Nk+l =
k+1

(Gla*N, —a*'N, )+ 4N,) @5)

In particular, for the second level we can rite an
expression at once

N, =—G(a*N, =N, )+ N, (16)
2
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from whence
1
N, =j—GZNO (18)
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The same way,
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Let us consider the case of a four-level system, showing
that even with the minimum number of levels in the systems,
forming bonds, where may be phase transitions. We utilize
the expression (8), we have

PHASE TRANSITIONS IN A FOUR-LEVEL SYSTEM
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From the received ratio and the expression (11) we can
obtain an equation on the parameter G, describing the
behavior of the system. We have

1
G =m{N0 +a'GN, +a? “—GZNOJ (22)
Vi 4,

Combining (19) and (20) we obtain
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At the same time the occupancy of all four levels of the
system expressed by parameter G
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It completes the analytical description of the system, which

essentially reduced to the solution of the fourth-order
algebraic equation (23).

IV. THE CALCULATION RESULTS

The calculation results are presented in Fig. 2 - Fig. 8. Fig.
2 shows the dependence of the equation (23) solution from
the control parameter

g=C—2

Vi

(28)

for various values of the other parameters which determine

the speed of the transitions between the levels (the frequency

of formation and breaking of the bonds).
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Fig. 2. Dependences of equation (23) solution, the parameter G of the control

parameter q for different values of frequency al =10(1), 100 (2), 1000 (3);

a® =10, A, =3, A5 =50,

We see that at relatively low values of frequency at,
which determines the rate of occupancy in the upper level of
the system, where obtained solutions are monotone. With the
growth of the frequency, curves lose monotony and become
S-shaped. That, in particular, suggests the possibility of
hysteresis effects occurrence and associated with
discontinuous phase transitions.

Such transitions are illustrated Fig. 3-Fig. 8.
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Fig. 3. Dependencies of occupancy of levels 0 (curve 1) and 1 (curve 2) with

the control parameter g; ¢! = 10 a? =10, Ay =3 23 =50.
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Fig. 4. Dependencies of occupancy of levels 2 (curve 1) and 3 (curve 2) with

the control parameter q; at =10; a? =10, Ay =3, A5 =50.

From Fig. 3 and Fig. 4 it is shown that at relatively low
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values of frequency at depending on all levels occupancy
in the system from the control parameter (which can be
interpreted as a given number of system elements) is
monotonic. In contrast (Fig. 5 - Fig. 8) high values of
frequency all considered dependences become S-shaped.
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Fig. 5. Dependencies of occupancy of levels 0 (curve 1) and 1 (curve 2) with

the control parameter g; ¢z = 10; a? =100, A, =3, A3 =50.
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Fig. 6. Dependencies of occupancy of levels 2 (curve 1) and 2 (curve 2) with

the control parameter g; al =10; a2 =100, 2,2 =3, 13 =50.

As the reduced number of system elements grows, the
occupancy of all levels change abruptly (right arrows in Fig.
5. and Fig. 6.), and there is a drop in the occupancy of the
upper level to almost zero. In contrast, the upper level
occupancy increases abruptly to a comparatively high value
(approximately till half of all the elements of the system).
This can be interpreted as the discontinuous formation of a
network from previously scattered elements. A similar

pattern (Fig. 7. and Fig. 8.) occurs for the high values at.
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Fig. 7. Dependencies of occupancy of levels of 0 (curve 1) and 3 (curve 2)

with the control parameter g; al =10; az =1000, /12 =3, 13 =100.
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Fig. 8. Dependencies of occupancy of levels 1 (curve 1) and 2 (curve 2) with

the control parameter g; al =10; az =1000, ﬂz =3, 1,3 =100.

V. CONCLUSION

Thus, in systems formed by elements of finite valence may
also occur phase transitions, and for this type of systems is
possible to obtain the explicit form of algebraic equations
describing their condition.

It is essential that the phase transitions take place,
including the systems with a very low valence of elements
(four). The condition for the phase transition is occurred in a
system which is a relatively high frequency of transition to
the state corresponding to the formation of the maximum
bonds.
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