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MacWilliams Identities of Linear Codes over a Matrix
Ring with Respect to Rosenbloom-Tsfasman Metric

Dandan Wang, Minjia Shi, and Yan Liu, Member, IACSIT

Abstract—The definitions of p complete weight enumerator
and exact complete p weight enumerator over a matrix ring are
given, and the MacWilliams identities with respect to RT metric
for the two weight enumerators of linear codes over the matrix
ring are obtained, respectively. Finally, we give an example to
illustrate our obtained results.

Index Tems—RT metric, weight enumerator, MacWilliams
identity, dual code.

. INTRODUCTION

Error-correcting codes has been widely used in the field of
computer and communication, and the MacWilliams identity
is one of the important results in error-correcting codes.
There has been a recent growth of interest in linear codes with
respect to a newly defined non-Hamming metric grown as the
Rosenbloom-Tsfassman metric (RT, or p in short)[1]. Siap
have done a lot of contribution to the MacWilliams identities
with respect to p complete weight enumerators over
alphabets M (F): Fq[u]/(u“—a) and M,..(R) in [2]-[4].
MacWilliams identities for p complete weight enumerators of
codes over Z, are given in [5], and the case over

nxs

M,..(Z,) was considered in [6]. Recently, MacWilliams

identities over non-chain rings were considered in different
literatures [7]-[10], and the Lee p weight enumerator and
exact complete p weight enumerator of linear codes over
F,+VF, +V2|:pwere obtained in [11]. Note that codes over

Z, +vz,with RT metric were studied in [12].

Motivated by the work listed above, we continue to
consider MacWilliams identities of linear codes over
M,..(Z,. +VZ,,). This paper is devoted to the determination
of the MacWilliams identities of linear codes with respect to

the Lee complete p weight enumerator and the exact
complete p weight enumerator of linear codes over M, (R),

where R=2Z, +vZ, (v’ =v) and using this we derive the
MacWilliams identities for linear codes over R.

Il. PRELIMINARIES

For convenience, we let R be the commutative ring
R=Z,+vZ,={a+bv|a,beZ,}, where v®=v, | is
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prime. Note thatring Z, +vZ,in [1] and ring F, +VF, in [12]
are special cases of Z, +VZ, . Let M (R) be the set of
all n>s matrices over R. Let p=(p,, p,,--*, P.4) € M, . (R),
we define the p weight of p by

max{i: p, #0}+1, p=0,
0, p=0.

, (p)={ <1>

and define the RT distance between p and q by
pP.q)=w,(p—q) , where p, geM, (R) . Let
P= (R,P,---,P) eM_.(R) , where
P =(Pio» Pisr s Pios) € My (R), 1T <N, the p weight
is then extended as wj, (P) = ZLWH (R), the RT distance
between P and Qis given as p(P,Q) =w, (P—Q), where
P, Qe M, . (R). Note that for s =1 the metric is the usual

Hamming metric.
A linear code over M _ _(R) is an R -submodule of

M,..(R).Let Cc M, . bealinear code, the set w,(C) =

[{P eClw, (P)=r}|, where 0<r<ns, is called the

weight spectrum of C and the p weight enumerator of C
is defined by

W.(2)=>" w(©C)yx => "7 )

Let p:(poa Py psfl)’ q =(q0'qll'“!qs—1)e Mlxs(R)
the inner product of p and Q is defined by
<p,q >:z_5:’; pa,,, and this is extended to the inner

an)T’ Q:(Qller”'in)T € Mnxs(R)
as <P,Q>=)" <P.,Q >

Definition 2.1 The dual C* of a linear code C over
M, . (R) is defined by C*={QeM, (R)|<P,Q>=0,
VP eC}. It is clear that C* is also a linear code over
M nxs(R) '

The ring of NxS matrices over R can be identified
with the ring of nx1 matrices having polynomial entries.
We identify the set of all polynomials of degree at most s —
1 over with R[x]/(x°) . Define map: ¢

product of p=(R,P,,---

Mo (R) =M, (RIXI/ (X))

—1 s—1\T
P - (pl,U + Py X+t pl,s—lxS 1770 Pro + PpaX o F P X ) )
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where P =(P,P,,-, Pn)T and P, =(Pigs Pigr s Piga)

then the map defined above is an R -module isomorphism.

It is easy to check that the p weight W, of a polynomial
p(x) € R[x]/ (x°) is deg (p(x))+1.

Let p(X)= p, + PX+--+ P X" € R[X]/ (x°) ,the / th
coefficient of p(x) is defined by c,(p(X))=p, .
0</< s—1. Then the inner product < p(x),q(x)>
becomes C,,(P(x)q(x)) suppose
PX) =R, -, RO
Q) =(Q (), Q0.+, Q,(0)" €M, ,(R[X]/ (x)) » the inner
product of P(x) and Q(x) defined above in terms of

polynomials becomes < P(x),Q(x)>=Y " ¢, ,(R(X)Q(X) -
Furthermore, for 0eZ,

Similarly,
and

, the Hamming weight w(0) of
zero element is 0, otherwise 1.

Definition 2.2 Let Y = (y,,," - Yoo
P:(pi,j)nXSEMnxs 0<j<s-1.
Deﬁne p complete weight enumerator of a code C over
(R) as

,yl‘s&,...
(R), where 1<i<n,

nXS

W, (Y,) = ZyW(plo) yrls(_pisl) ”yn (Pno) . y:vif;“) 3)
PeC
When n=1, s=r,we have Y =(y,, Y,,--,Y,), we get

the p complete weight enumerator of a code C over R as
W.(Y)= Zpso Y W) W) | where = (g, Py,

pr—l) eC.

I1l. THE LEE COMPLETE P WEIGHT ENUMERATOR

In this section, we will give a MacWilliams identity with
respect to Lee complete p weight enumerator over M (R) -

Firstly, we give a Gray map between R (Lee weight) and
z?, (Hamming weight) as follows:

Definition 3.1 Define Gray map 7 : R->Z2

r(a+bv) =(a,a+b), Va+bveR, where a,bez .

According to Definition 3.1, it is easy to verify that the Lee
weight of C is the Hamming weight of its Gray image 7 .
Moreover, the Gray map 7 is an isometry from (R", Lee
distance) to (zlzmn, Hamming distance).

Definition 3.2 For Va R, we define its Lee weight as

0, if a=0,
w, (2)=11, if a=av,a+("-a)v, 4
2, if a=a,a+by,

where a,bez,\{0} and a+b=0(modI™).
Definition 3.3 Let Y =(y,,¥V,,--,¥,)» P=(Py, Pys* -
p,,) € R", the Lee complete p weight enumerator of a code
C is defined as

1 yn,sfl) !

185

WC (Y) ZZy]\-NL(po)y;VL(PL)”.

peC

yl‘"VL (Pr1) .

Moreover, let Y, =(Y, o,

P = (pi,j)nxs € Mnxs
the Lee complete p weight enumerator of a code C over
M,..(R) &

WC (Yns) = Z

PeC

1yl,s—l""yn,o""’yn,s—l) '
(R),1<i<n, 0<j<s-1. wedefine

W (P 1)

ynsl

WL(Pno)

ynO

wi (Prs 1)

ylsl

WL(plo)

Y10 - (5)

In (5), we let n=r, s=1 and arrange the subscripts

properly, then we obtain a new Lee weight enumerator,
that s W (Y) =D ymmymt. where

pec Y1
p:(pm Pyyeees

W (Pry)
: er Yoo

Pra) and Y =(y,, Y,
called the Lee weight enumerator of a code C over R;
when n=1, S= r, by properly interchanging the
subscripts, we get (4).

Definition 3.4 Themap y: R—>C", y(a+bv)=¢°
Va+bveR, where &=

character of C.
Similar to the proof of Lemmas 2 and 2.3 in [9] and [7],
respectively, we can obtain the following Lemmas,
Lemma 3.5 Let C be alinear code over M__ (R), P(X),

Q(x) e M, (R[x]/(x%)) , then we have

={

Lemma3.6Let f:M, ,(R[X]/(x)) > Clyo.
. yn,O"'

,Y,) » Which is

, then y is a nontrivial

nx1

0,
ICl,

if Q(x)eC*,
if Q(x)eC*.

Y. 2(<P(x),Q(x)>) (6)

P(x)eC
yl,s—l'
“Ynsa].and g be defined above, then

> QM) = @)

Q(x)eCt

Z f(P():

| | P(x)eC

WHETe £ (P(X)) = 3,0 sty £ PO.QEO ) (QEX) -

The following lemma will play an important role in
obtaining the main result.
Lemma 3.7 Let g be a fixed element of R, then we have

3 2(Ba)y™ @ =[L+(I" ~1)yT P - y) .

aeR

Proof. We only prove the case when | =2, m=2, and the

proof is similar when | is odd prime. In light of Definitions
3.2 and 3.4, we have

(1+3y)?, B=0,
Y 7 (Ba)y™ @ =1 (1+3y)A-y), B=V,2v,3v,1+3v,2+2v,3+v,
o AL-y), B=12,31+V,1+2V,2+V,2+3v,3+ 2v,3+3V,

:(1+3Y) -W, ﬂ)(l_ y)WL(ﬁ).

Now we will give the first main result, that is, we give a
MacWilliams identity of linear codes over M, .. (R) with

respect to Lee complete p weight enumerator.

Theorem 3.8 Let C be a linear code over M _(R), then



International Journal of Information and Electronics Engineering, Vol. 5, No. 3, May 2015

W (Gs) Wi (A 0)

ylsl ynO

Wi (G 5-1)

ynsl

W (do)
IR

Q(x)eC

P(x)eC i=1 j=0 k=1 t=0

L (Pys-at)
1 n s " 2 n s-1 1 ykt i
- T ] XHH[1+ ]

Proof. Suppose f(Q(x))= f((Q(x),Q,(X),,Q,(x)") =
[T.IT v by applying Lemmas 3.5 and 3.7, then

fPey= Y

QUM (IO
(
= > 2(<R(), 0 >) Y5 @

G,0€R

> 2(<PX), G X Syt e

is-1€R

> 2(<Py(0), Gy >y

0.,0€R

> 2(<P(X), G X 2y

Gns-1€R

=[+ (7 =Dy )T 1y )
[+ (7 =Dy, I Wy, )™
[L+(17 =Dy, o] Wy )™
[+ (7 =Dy, T Wy )™

T 00, T 1o

i=l j=0
-1

2(<P(x),Q(x) >)f (Q(x))

n s-—

H[1+(Im—1>y.sz n ﬁ[

k=1

-V

i=1

the result then follows by applying Lemma 3.6.

The following assertion is the special cases of Theorem 3.8,
S0 we omit its proof.

Corollary 3.9 Let C be a linear code over R, q(x) =q,

HQ X+ G X P(X) = Py + P+ X € RIXUXT)
then we have
1) In Theorem 3.8, let n=1, s=r, by properly interchang-ing

subscripts, then

W (Go) /Wi (6)
IR

q(x)ect

W (G1)
Y

Wi (Prx)
m t 17yk
> [T+ —1)y-]l_[[1+(.m_1)ykj ’

|C | p(x)eC i=1 k=1

which is called the MacWilliams identity with respect to
Lee complete p weight enumerator of the linear code C
over R.

2) In Theorem 3.8, let s=1, n=r, by properly interchange-ing
subscripts, then

Z yle(%)y;VL(Ua) e

q(x)eCt

W (92)
Yo

w (Pey)
m 2 1 yk
-5 3 [Tee -y H[l (Im_l)yk] |

p(x)eC i=1

which is called the MacWilliams identity with respect to
Lee weight enumerator of the linear code C over R.

186

W (Pys1t)
- 1) Yier ] .

IV. THE EXACT COMPLETE © WEIGHT ENUMERATOR

In this section, we will give a MacWilliams identity with
respect to exact complete p weight enumerator over
M, (R) -

Definition 4.1 For va+bv e R, the exact weight of a+bv
is defined as w,(a+bv) =a+bl™, where a,beZ , .

Definition 4.2 Let Yoo = (Yoo

(pi,j)nxs eM,
the exact complete p weight enumerator as

yl,s—l"”yn,on"yn,s—l)’ P=
(R), where 1<i<n, 0< j<s-1, we define

W(P151) W(Pno)

yl s-1 yn y:Is( Fin : 1) (8)

E (Yns) Z We (Pro) |

PeC

especially, in (8), we let n=1, s=r, and by properly inter-

changing subscripts, we can obtain the exact complete p
weight enumerator of a code C over R:

E (Y) szC yiNe(po) We (Py) y:ve(pr—l)’

where Y = (yl’ Yoroo yr) and p =(p0' P prfl) :
Now, let us prove the following lemma, which plays an

important role in the main result.
Lemma 4.3 Let B be a fixed element of R, then we

have

> 2 (Ba)y™ = H(1+Zz(l|k Py )(1+21(J|k 2pvyt

aecR i=

.

Proof. We only prove the case when | =3 m=1, and the

proof is similar when | is prime except the case when | =3.
In light of Definitions 3.4 and 4.1, we have

L+y+y)A+y +y0), p=0,
Ly +y)A+EYy° +&%°),  B=L
L+y+y)A+EY° +EY0), B=2,
L+Ey+E2y° )+ &y +&%Y°), B=V,

L+Ey+ &Y+ Y +EY°), B=1+v,
L+Ey+EY )+ Y +Y°),  B=2+v,
L+ &Py +Ey*)A+ &7y +&Y°), B=2v,
@+&Py+EY )+ Y +Y°),  B=1+2y,
L+ &Py +EY* )+ Sy +8%Y°), f=2+2,

= (L+x(B)y + 22B)Y )+ 2 (BV)Y* + 2(28V)Y°).

2 2(Ba)y™ =

aeR

Theorem 4.4 Let C be a linear code over M, (R) then

an )

(t51) | (s
ylsl YHO ynsl

Z y1 (40) ,
(x)eCH
m n s-1 1-1
TTITIT 2 2 pes ) yl"’J }{HZ;{ T VY |

|C| P(x)eC k=1 t=1 j=0 i=1

Proof. Suppose f(Q(x)) = f ((Q(x),Q(x),--,Q,(x))") =
HLH? loylwl(q' i)' by applying Lemmas 3.5 and 4.3, then
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fPO)= Y 2(<PX).Q(x)>)f(QX)
Q(X)eMpq (RIXI/(X))
=3 2SR G )Y Y 2(< R0, G, X S)yie e
QR G5 1€R
2 2P0y 2™ N (<P (0,0 X )Y
Gy 0€R O s1€R
m [ 1-1 e 1-1 - et
:H 1+Zl(i|k71p1,s—1)yllfo :Hl'*’Zl(l 1" lp1sl )Y113 }
k=1L = i
m O " 1 .
H 1+27{('| _lpl,o)yisiMl‘*'ZZ l lplov)yls 1 :| :
k=1L i=1 i
= S it < k-1 et
l+27((ll B pn,s—1)yrl1‘0 :|{1+ZZ ,I pns 1V)yI }
PRy i
m 11 = m+k-1
|:l+zl(llk1pn0)yns 1j||:l+zl(lllk1pnov)ynls j|
k=1 i
m n s 1-1 e _— ppmek-1
:H 11 0|:1+;Z(”k71pt,sfl—j)ytlfj :||:1+;Z(l ¥ 1pt,s—lfjv)yt‘lj }
=1 t=1 j= 1= =

the result then follows by applying Lemma 4.3.

The following assertion is the special cases of Theorem 4.4,

S0 we omit its proof.
Corollary 4.5 Let C be a linear code over R, q(x) =q,

+O X+ G X P(X) = Py + pyX e+ P X € RIXIXT),
then we have
1) Letn=1, s=r in Theorem 4.4, by properly interchang-ing

subscripts, then

Z yl (Qo)y e ()

g(x)eC™
% D H{hzzll“p”
(x)eC j i=1

W, (0r1)
Y

m

Tefarn g

which is called the MacWilliams identity with respect to
exact complete p weight enumerator of the linear code
Cover R.

2) In Theorem 4.4, let s=1, n=r, by properly interchange-ing
subscripts, then

ZLylw (%
> T111

p(x)eC k=1 j=1

W (0r-1)
Y '

p 1 ke jmekeL
{1+Z;{ i"p,,)y" i HHZ;{(H“p“v)yj'
i i=1

ICI

which is called the MacWilliams identity with respect to
exact weight enumerator of the linear code C over R.

V. ILLUSTRATION EXAMPLES

In the previous Sections, MacWilliams identities with
respect to Lee complete p weight enumerator and exact
complete p weight enumerator over ring M __(R) are

obtained. In this section, we mainly present an example to
illustrate the application of main results.
Let C={(0,0), (v,v)} be a linear code of length 2 over

ring z +sz, we have the generator matrix of C* is
1 1), thatis, ct={(0,0), (1, 1), (v, v), (1+v, 1+v),(1+v, 0),
v 0

187

(0,1+v), (v,1), (1,v)}. According to Definition 3.3, we have
Lee.(Y)=1+Yy,y,, and then by Corollary 3.9,
]WL(pZK)

[14— (2-1)y,

i)

1+y,
14y, + Y, +2Y,Y, + VY, + ViYs + YiYs

1-y,

ICI

Lee_. (Y) > [1i+@-ny] H

p(x)eC i<

AN y2)2[1+[1‘—y1

1+y,

On the other hand, according to Definition 3.3 and all
codewords of C*, it is easy to check that the results are
correct.

According to Definition 4.2, we have E_(Y)=1+Yy’y;,

and then by Corollary 4.5,

1 2

TR+ xi2p, )y ][1+Zz('2k oYy

E l(Y)_
¢ IC| g);c k=1 j=1 i1

7

Y4y )(A-y, -

—5[(1+ Vi Vi A+ Y, +Ys +y5) + (1Y, -

e S AR PR 8 PR A ARl CE 78 Al 7 A

On the other hand, according to Definition 4.2 and list all
codewords of C*, it is easy to check that the results are
correct.

VI.

This paper is devoted to the determination of the
MacWilliams identities of linear codes with respect to Lee
complete p weight enumerators and exact complete p weight
enumerators over M, (2, +VZ,, )(v2 =v) . When |Ct] is

sufficiently large, we don’t have to work out specific
code-words of a code, according to Corollary 3.9 and
Corollarys 4.5, we can obtain Lee complete p weight
enumerator and exact complete p weight enumerator of a
linear code over R, for a linear code over M__ (R), it is

CONCLUSION

enough to consider Theorems 3.8 and 4.4.
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